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ABSTRACT. Affine magic squares are a class of magic squares, of prime-power
order. An affine magic square is determined by an affine isomorphism of a
finite vector space. This paper answers the question, how many affine magic
squares there are of a given order.
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1. INTRODUCTION

A magic square of order n is an arrangement of n2 numbers {0,...,n?—1} in an
n X n square, so that each row, column, or diagonal adds up to the sum S. Because
S=0+---+(n?>—1), we have

S=n(n*-1)/2.

(This definition, starting from 0 rather than 1, is not traditional, but it will be
more convenient in what follows.) If the diagonals are not required to have the
same “magic” sum, then the square is said to be semi-magic. In [5] a class of magic
squares, called affine magic squares, was introduced.! That paper concentrates on
squares of order 4, but the principle is easily extended to squares of order p™ for
prime p. One may then ask how many magic squares there are for a given order.
The solution of this problem is given here, as an application of the generalized
principle of inclusion-exclusion [9] and the techniques of Joni and Rota [7].

2. DEFINITION OF AFFINE MAGIC SQUARES

The definition is based on the finite vector space Fgm. The standard ordered
basis of F2™ will be denoted by (e1,...,e2y). The dual ordered basis of (F2™)*
will be denoted by (f1,- .., fom)-

The natural map Z — F, sending n to “n modulo p” will be denoted p. It has
a left inverse, v : F,, — {0,...,p — 1}. We will not be infinitely scrupulous about
distinguishing a numeral, such as 0, from 1(0).

The square frame of order n is

S(n)=40,...,n—1} x{0,...,n—1};

elements of S(n) are cells. A square of order n is a map from S(n) to {0,...,n*—

1}. We define the position map P : F2™ — S(p™) by

P (S zie) = (S v(@a)p™ ™", S v(@med)p™ ) -

1See also http://mathinteract.com.
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Then the rows and columns of the square are images under P of the affine subspaces
parallel to

(2.1) Er =< €m41s---5€2m >
and
(2.2) Ec=<ey,....,ep >

respectively. The principal diagonal is the image of the linear subspace
(2.3) E.L =<ei+emnti,-- - 6m+eam >

while the opposite diagonal is the image of an affine subspace parallel to
(2.4) E_=<e—ent1,--,&m —€2m > .

When p = 2, of course E;. = E_. As we shall see, this coincidence makes the theory
of magic squares of order 2™ slightly different from that for odd prime powers.
We define the value map V : F2™ — {0,...,p*" — 1} by

(2.5) V(E?;"la:iei) = Z?;"’lu(xi)me_i .

With these definitions, any function & : F%m — Ff,m determines a square of order
p™, not necessarily magic: it assigns the number V(®(x)) to the cell P(x).

Definition 2.1. A square of order p™ is an affine square if it is determined by a

non-singular affine function A : F2™ — F2™. The digit coordinates of the square
are the functions A; = f; oA. The linear parts of A and A; are AL : x — Ax — AQ
and AJL = f] @) AL.

Definition 2.2. Let E be a vector subspace of Ff,m; then the affine square S
determined by the affine isomorphism A is uniform for the subspace E if each
digit coordinate of A is nonconstant on E.

We shall also say that E, and the affine subspaces parallel to it, are uniform
for that S. An equivalent condition is that each A]L, restricted to E, should be
non-zero.

It is elementary, but helpful, to note that these statements are equivalent for an
affine mapping A of Fgm into itself:

(a) A is bijective;
(b) A% is an isomorphism;
(c) {AF|j=1,...,2m} is a basis of (F2™)*.
Proposition 2.3. Let E be a vector subspace of Ff,m, with dimE = b; let E be

uniform for the affine square S. If E' is any affine space parallel to E, and A is
the affine map that determines S, then

V(A =pt (™ - 1)/2.
xeE’

Proof. By hypothesis, each digit coordinate A; is a non-constant affine function
from E to F,,; likewise from E’ to F,,. Consequently, it takes the values 0,...,p—1
each p®~! times on E’. The contribution of A;x to the sum of V(Ax) over E' is
therefore p?™~J+%(p — 1)/2. Thus the sum of V(Ax) over E' is

2m
Do 12 =p" (" - 1)/2.
j=1
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d

When a subspace E is not uniform for a given square, the situation becomes more
complicated. We can, however, say this:

Proposition 2.4. Let E be a vector subspace of F%m with dimE = b. Let J be
a subset of {1,...,2m}, and suppose that for a given affine square S, the digit
coordinate A; is constant on E precisely when j € J. Let x € Fgm, and let v; =
Aj(x), j=1,...,2. Let E' be the affine space, parallel to E, including x. Then the
sum of the values at positions in S corresponding to the points of E' is

(2.6) PP —1)/24 ) PP (v — (p—1)/2) .
jeJ

Proof. 1f j ¢ J, then the contribution of A; to this sum is, as in the previous proof,
p¥m=i+b(p—1)/2. If, on the other hand, j € J, then A; is constant on E’ and equal
there to v;. The conclusion follows immediately. (Il

Definition 2.5. A weakly uniform affine square is an affine square for which
Eg and E¢ are uniform. A strongly uniform affine square is a weakly uniform
affine square for which, in addition, E; and E_ are uniform.

Proposition 2.6. Let S be a weakly uniform affine square. Then S is a semimagic
square of order p™ (see§1). Ifp is odd, and the central cell of S contains (p*™—1)/2,
then S is a magic square.

Proof. The first statement follows immediately from the definitions and from Propo-
sition 2.3. For the second statement, let A be the affine map which generates S.
Let xo be the element of F2™ whose coordinates are all (p—1)/2; then P(xo) is the
central cell of the square. By hypothesis, V(Axq) = (p*™ — 1)/2, that is, at xo the
digit coordinates take the value v; = Aj(xo) = (p — 1)/2. Proposition 2.4 applies
to show that the sum of the values is p™(p*™ — 1)/2, for any m-dimensional affine
subspace passing through xg; in particular this is the case for the subspaces parallel
to E; and E_ that are the two unbroken diagonals. O

Proposition 2.7. Let S be a strongly uniform affine square. Then S is a magic
square of order p™. If m =1 and p is odd, then S is pandiagonal.

Proof. That S is magic follows directly from the hypothesis and from Proposition
2.3. The second statement also follows, when we observe that the broken diagonals
parallel to the main (resp. the minor) unbroken diagonal of a square of order p
correspond to the affine subspaces parallel to E; (resp. E_). O

Definition 2.8. An affine magic square is a weakly unform affine square which
is also a magic square.

Having arrived at this definition, we can recognize its precursors. Many of them
apply to the case that m = 1, but they generalize from a prime p to an odd number
n. The ring Z/nZ replaces the field F,. Kraitchik ([8] pp. 157-167) describes
the resulting method. According to Stark ([10], chap. 4), this method was also
discovered by D. H. Lehmer in 1929; he called it the “uniform step method.” Two
classical methods for constructing odd-order magic squares, known as those of De
la Loubere and Barchet de Méziriac, are special cases. Benson and Jacoby ([2], pp.
43-58) have a similar method. It uses a more general “value mapping,” that is,
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it allows an arbitrary correspondence between the elements of Z/nZ and integers
from 0 to p — 1.

Some methods of constructing squares of even order, when applied to orders 4
and 8, can be seen to give affine squares; consider, for example, [2] pp. 6-7 and
70-77. In [8], pp. 182-183, there is a method which turns out to give all the affine
magic squares of order 4.

Finally, Adler [1] has presented essentially the same definition of affine magic
squares, and generalized it to magic cubes, tesseracts, and so on.

Proposition 2.7 gives sufficient conditions for an affine square to be magic. The
converse result, giving necessary conditions, is more complicated.

Lemma 2.9. Let ¢ be a non-zero affine function FIQJ’” — F,, and let E be a vector
subspace of F%m on which ¢ is constant. Then ¢ is constant on every affine subspace
E’ parallel to E, and it assumes each value in {0,...,p — 1} on equally many such
subspaces.

Proof. The linear part of ¢ is 0 on E; from this it folows that ¢ is constant on each
E’. The set of all these subspaces constitutes the quotient vector space, Ff)m /E, on
which ¢ determines a non-zero affine function. This function takes each possible
value an equal number of times. ([l

Proposition 2.10. Let S be an affine square which is semimagic. Then S is weakly
uniform.

Proof. In Proposition 2.4, let E be either Er or E¢. Suppose E is not uniform
for S; then (2.6) gives the sum of values on a typical row or column. Now vj,
considered as an ordinary integer, satisfies 0 < v; < p — 1; therefore (2.6) will have
the desired value p™(p*™ — 1)/2 if and only if v; = (p — 1)/2 for all j € J. But
if A; is constant on E, then by Lemma 2.9 the value of v; cannot be the same on
every affine subspace parallel to E. We infer that all the A; must be uniform on
Egr and E¢, and conclude that S is weakly uniform. O

Proposition 2.11. Let S be an affine magic square of order 2™. Then S is strongly
uniform.

Proof. By Proposition 2.10, S is weakly uniform. Suppose S were not uniform for
E,. Then (2.6) would apply to E' = E; = E_; for the sum to agree with the magic
value of p®(p>™ — 1)/2, we would need v; equal to 1/2, which is clearly impossible.
We thus conclude that Ey = E_ is uniform for S O

Proposition 2.12. Let S be an affine magic square of order p™ where p is odd,
and assume that S is semimagic. Let xo be the element of Ff,m which is mapped to
the central cell of the square. Let (A1, ..., Aam) be the digit coordinates of S; define

J+ ={j| A, is constant on E,}
and
J_ ={j|A; is constant on E_} .
Then S is magic if and only if Aj(xo) = (p —1)/2 for every j in J4y U J_.

Proof. As in the previous two propositions, we apply (2.6) twice, letting E’ be each
of the diagonals passing through the central cell. O
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3. ENUMERATION PROBLEMS FOR AFFINE SQUARES

How many linear subspaces are uniform for a particular affine square? How many
affine squares are uniform for a given set of linear subspaces? Finally, how many
affine magic squares are there of a given order? These questions can be answered
by applying the work of Joni and Rota[7] on the number of bases {¢1,...,¢,} of
a finite vector space V, subject to the constraint that none of the ¢; belong to a
specified subset of V. To apply this work, we let V = (Fgm)*, and use the fact
that the linear parts of the digit coordinates for an affine square are a basis of V;
moreover, the square is uniform for a given vector subspace E of Ff,m if and only
if none of the basis elements lie in EL C V.

In this section, we present the ingredients of the solution, i.e., elementary com-
binatorial facts about finite vector spaces and the theorem of Joni and Rota. The
succeeding sections take on successively more general and complicated parts of the
problem. To begin, in §4, we find how many affine squares are uniform for a single
vector subspace; a closely related question is the number of vector subspaces that
are uniform for a given affine square. In §5, we count the squares that are uniform
for two subspaces which span the whole of FZQ,’”; in particular, this gives us the
number of weakly uniform affine squares. The problem of enumerating the strongly
affine magic squares is more complicated, because it deals with subspaces of (Ff,m)*
that are not independent. For this reason, in §6 we deal first with squares that are
uniform for one diagonal subspace, and then with strongly affine magic squares.
Finally, for general affine magic squares of odd order, from Proposition 2.12 we see
that the condition of being strongly uniform must be weakened; we complete the
task of enumeration in §7.

First, let us relate the enumeration of affine squares to that of bases of (Fzm)*

Proposition 3.1. Let ® be a class of bases of (F2™)*; let |®| denote the number
of elements in ®. Then the number of affine functions A such that the linear parts
of the digit coordinates of A form an element of ® is

(3.1) (2m)!1p*™|®| .

Proof. An affine map A is determined by (i) the basis of (F2™)* formed of the linear
parts of the digit coordinates of A; (ii) an arbitrary permutation of that basis; (iii)
the image of 0 under A. The factors on the right-hand side of (3.1) are accounted
for by (ii), (iii), and (i) respectively. O

Next, some facts about finite-dimensional vector spaces over F,,. These are well
known; references include [4] and [6] pp. 65-67. We shall use the following notations:

(3.2) Pn)=(@"-1)(p" ' =1)---(p—1);
n| P(n)
(33) HRET =t

In the notation of ¢g-binomial coefficients[11], P(n) = (p — 1)"[n],! and [}] = [Z]p.

Definition 3.2. Let V be a vector space, and let K be a linearly independent
set of members of V. Let j > 0. Then a j-frame extending K is a sequence
(V1,...,v;) such that KU {vy,...,v;} is linearly independent.

Proposition 3.3. Let V be a vector space of dimension n over F,. Let K be a
linearly independent set of k elements of V, and let 0 < j <n — k. Then
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(a) the number of j-frames extending K is
pkitiG=1/2p(n — k) _
P(n—k—j) ’
(b) the number of bases of V containing K as a subset is
nk,n—k) pn=ROFTk=D/2pn — k)
(n—k)! (n—k)! 7
(¢c) the number of linearly independent sets of j elements of V is
F(n,0,5) _ p’Y=Y"2P(n)
gt Plu=j)t
(d) the number of bases of V is
F(n,0,n) pr"=D/2P(n)

(3.4) F(n,k,j) =

(3.5) Bln, k) = 1

n! n!
Proof. Let (v1,...,v;) be a typical j-frame extending K. Because v; must not
belong to the k-dimensional subspace spanned by K, there are p™ — p¥ choices for
vy. Similarly, given v; there are p” — p**! choices for vo. The number of j-frames
extending K is thus

(pn _ pk)(pn _ pk+1) . (pn _ pk-i—j—l)
which can be rearranged to give (3.4). The other three parts of the proposition are
merely special cases which will be useful later. (I

Proposition 3.4. Let V be as above. Then the number of j-dimensional subspaces

of V is [?]

Proof. Every linearly independent set of j vectors in V spans a j-dimensional sub-
space. The number of such sets is given by Proposition 3.3c as

P2 P() /(P — )Y
From part d of the same proposition, the number of bases of a given j-dimensional
subspaces is p/U=1/2P(5)/4!. -

Proposition 3.5. Let V be as above, and let W be a subspace of dimension k.
Let A be a j-dimensional subspace of V/W. Then the number of j-dimensional
subspaces B of V such that A is the image of B is p'*.

Proof. Let m denote the projection of V onto V/W. Let {a1,...,a;} be a basis of
A. Each subspace B of the required kind has a unique basis {by,...,b;} such that
mb, = a,, and conversely each set of solutions of the latter equations gives a basis
of such a subspace. But for each a, there are p* solutions of b, = a,. ([l

Proposition 3.6. Let V and W be as in Proposition 3.5. The number of j-
dimensional subspaces A of V such that AN'W = {0} is

(3.6) v(n, k,j) = pt {” ; k} .

Proof. This is a consequence of the two previous propositions. The second factor
on the right side of equation (3.6) is the number of j-dimensional subspaces of the
(n — m)-dimensional space V/W; and the first factor is the number of ways of
lifting such a subspace to a j-dimensional subspace of V. O
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Proposition 3.7. With the notation of Proposition 3.6, let B be a subspace of W
of dimension b. Suppose b < 7 < n —k-+b. Then the number of j-dimensional
subspaces A of V such that ANW =B isv(n—bk—b,j—b).

Proof. Consider the quotient space V/B. The image A /B of A determines A; and
A /B is a subspace of dimension j—b whose intersection with the (n—b)-dimensional
W/B is {0}. O

Proposition 3.8. Let 'V be as above; let B be a subspace of dimension b. Let aq
and ag satisfy a1 > b, az > b, and a1 + as < n+ b. Then the number of pairs
(A1, As), where A; is a subspace of V of dimension a; and A1 N Ay =B, is

n—>bln—a
(37) w(n, b, ay 7a2) = p(al_b)(az_b) |:CL1 - b:| |:ClQ - ;:| .

Proof. A; is determined by its image in V /B, that is, by a subspace of dimension
a; — b in a vector space of dimension n — b. The number of such subspaces, by
Proposition 3.4, is [:;bb]. For a fixed choice of A1, the number of choices of As is
given by Proposition 3.7 as

v(n —b, a; — b, az — b) = plar~H(e2=b) {n B al} .
ags — b

We use the following theorem of Joni and Rota.

Theorem 3.9. (See 7], Theorem 3.1.) Let 'V be a vector space of dimension n over
F,. Let S be a subset of V. Let Wy (S) denote the number of linearly independent
sets of k elements of S, and let B(n, k) denote the number of bases of V' containing
a given linearly independent set of k elements, given in (3.5). Then the number
ro(S) of bases of V. which contain no elements of S is

(3.8) ro(8) = ) (=1 Wi(S)B(n, k) .
k=

0

4. ONE UNIFORM SUBSPACE

Proposition 4.1. Let V be a vector space of dimension n over Fp,. Let S be a
vector subspace of V, of dimension b. Then the number of bases of V which do not
contain any elements of S is

b
A(n,b) => (=1)*F(b,0,k)B(n, k) /k! .
k=0
Proof. This is an application of Theorem 3.9. The value of B(n,k) is given by
Proposition 3.3b; to find the desired number it is sufficient to find Wy(.S). But this
is given by Proposition 3.3a. d

Proposition 4.2. The number of nonsingular affine maps A on F}ng for which a
given linear subspace E is uniform is

(2m)!p*™ A(2m, 2m — dim E) .
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Proof. An affine map A satisfies the given condition if and only if no member of the
associated basis of (Fgm)* belongs to E+, which is a linear subspace of dimension
2m — dim E. This this proposition follows from the previous one, together with
Proposition 3.1. [

We have counted the affine maps which are uniform for a given subspace; now,
let us determine how many subspaces are uniform for a given map.

Proposition 4.3. Let 'V be a vector space of dimension n over Fy; let {¢1,...,dn}
be a basis of V*. Then the number of b-dimensional subspaces E of V such that
none of the ¢; vanish on E is

(4.1) :zz(nk (Z) {” R k] .

Proof. For a fixed choice of E, the number of bases of V* which contain no elements
of E1 is A(n,n — b) as given by Proposition 4.1. The number of b-dimensional
subspaces of V is [Tg], by Proposition 3.4. Therefore the number of pairs consisting
of a basis and a subspace is [}]A(n,n —b). Since there are p™("~1/2P(n)/n! bases
of V*, by Proposition 3.3d, the number of subspaces for each basis is

nl m A(n,n —b)/(p""=D/2P(n)) .
After some simplification, we are left with equation (4.1). O

In Table 1, we give the number of uniform subspaces of small dimensions for a
few sizes of affine square.

TABLE 1. Numbers of Uniform Subspaces

vector space | square | 1 2 3 4
F; 4x4 |1 13 11 1
F$§ 8x8 |1 121 670 480
F$ 16 x 16 | 1 1093 34041 122861
F? 3x3 |2 1
F? 9x9 |8 84 36 1

5. THE NUMBER OF WEAKLY UNIFORM AFFINE SQUARES

The technique of Proposition 4.1 can be extended.

Proposition 5.1. Let V be a vector space of dimension n over Fp,. Let U and W
be two subspaces of V, of dimension b and ¢ respectively, such that UN'W = {0}.
Then the number of bases of V which contain no elements of either U or W is

(5.1) (n,b, ¢) ZZ DI F(b,0,i)F(c,0,) B(ni +j)

4!
=0 j=0 J
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Proof. As in Proposition 4.1, it is sufficient to compute Wi (UUW). Now a linearly
independent set of k elements of UU W consists of ¢ elements of U and j elements
of W, where i + j = k. Therefore

(5.2) Wi(UUW) = Y W;(U)W;(W).
i+ji=k
In proving Proposition 4.1, we found an expression for W;(U) or W;(W); we sub-

stitute this in (5.2) and then apply (3.8), and (5.2) results after some simplifica-
tion. u

Proposition 5.2. The number of weakly uniform affine squares of order p™ is
(5.3) My (m) = (2m)!p*™ By, (2m, m,m) .

Proof. Proposition 3.1 applies here; ® is the set of bases which do not contain any
elements of E U ES. Therefore |®| is given by equation (5.1). O

6. THE NUMBER OF STRONGLY UNIFORM AFFINE SQUARES

The problem of counting the strongly uniform affine squares has an added com-
plexity. We say that several vector subspaces Eq, ..., E, of a vector space V are
independent if, for e; € E;, the relation e;+- - -+e, = 0 impliese; =--- =¢, = 0.
Because Eﬁ and EJC: are independent, a subset T" of E}J% UEJ(; is linearly independent
if and only if each of the sets TN Eg and T NE§ is linearly independent by itself.
But Eﬁ, ES, Ei , and EX are not independent. Thus there is no straightforward
extension of equation (5.2).

We need some notation We let V = (Fzm)*7 and if X is any of the symbols R,
C, +, or —, we let

Ux =Eyx,
Tx =TnNUx,
ax = |Tx| = dlmVX s
where Vx is the subspace of V spanned by T'x.

We regard F2™ as a direct sum of two copies of Fj', so that Eg = {(x,0) |x €
F)'} and Ec = {(0 x) |x € F}'}. We also regard V as the direct sum of two copies
of W = (F}')*. Then

Ur ={(0,w)|we W},

Uo = {(w,0)|we W},

Uy ={(w,—w)|w e W}, and
={(w,w)|weW}.

For each instance of X, we define an isomorphism jx of W with Ux as follows:

(6.1a) Jrw = (0,w),

(6.1b) jew = (w,0) ,

(6.1c) Jew = (w,—w) , and
(6.1d) jow=(0,w), weW.

Finally, we let
Ax =jy'Vx.
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Let us now consider the enumeration of affine squares which are uniform for Eg,
Ec, and E;. These may be called semi-strongly uniform affine squares; of
course, if p = 2 then “semi-strong” is equivalent to “strong.” For this problem,
we let S = Ugr UUg UUy, and let X(S) be the simplicial complex of linearly
independent subsets of S. We need to count the elements T of ¥(S) such that
|T| = k. Here is the plan. Each such set T determines a triple of subspaces,
(Vgr,V¢, V), which are independent. The number of sets T' for a given triple
depends on the dimensions of the subspaces, so we want to count the triples with
given dimensions. The property of independence for such a triple is more easily
examined in terms of the triple (Ag,Ac,Ay).

Proposition 6.1. Let Ap, Ac, and A be subspaces of W. Then jrARr, jcAc,
and j+ Ay are independent if and only if

ArpNAcNnA; ={0}.

Proof. From (6.1a)-(6.1c) we see that jragr + jcac + j+as = 0 if and only if
agp = a4 = —ac. O

Proposition 6.2. Suppose 0 <b<m ,agr>b,ac>b,ag+ac <m+b, and
ay < m—>b . Then the number of triples of subspaces (Ar,Ac,A) such that
dim(Ag NA¢c)=band AgNAcNA; ={0} is

(6.2) C(ar, ac, b, ay) = {m

b]v(m, b, ay)w(m, b, ag, ac) .

Proof. Let B denote Ar N A¢c . The number of possibilities for B is [T] , by
Proposition 3.4. For each choice of B, the number of possible subspaces A is
given by Proposition 3.6, and the number of pairs {Agr , Ac} is given by Proposition
3.8. |

Proposition 6.3. The number of bases of V. which contain no element of Ur U
UC U U+ 8

b=0 a+:0 ar=b ac=b

B(ay4, 0)B(agr, 0)B(ac, 0)B(2m, agr + ac + a) .
The number of semi-strongly uniform affine squares over F%m 18
(6.4) Ms(m) = (2m)!1p*™ Bys(m) .

Proof. Like Proposition 5.1, this follows from Theorem 3.9. The contribution to
Wi(UgpUUc UUyL) of a given selection of vector spaces (Agr,Ac,A) is

B(a+7 O)B(G‘Ra O)B(ac, O)B(Qma aRr +ac +a+) )

the first three factors are the numbers of unordered bases in the respective sub-
spaces, and the last is the number of ways of extending the union of three such bases
to a basis of V. For a given choice of ar, ac, a4 , and b, where k = ar+ac+a4,
the number of triples of subspaces is found in Proposition 6.2. Finally, equation
(6.4) follows as a corollary of Proposition 3.1. O
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Let us now consider the enumeration of strongly uniform affine squares, for
odd values of p. Our method will be similar to that which led up to Proposition
6.3; that is, we shall count linearly independent sets 7' by counting independent
systems of subspaces Vx. The simplicial complex for this problem is ¥(.5) where
S =UrUUgcUU; UU_. The details are affected by the relation among the
subspaces Ux. We need some analogue of Proposition 6.1.

Definition 6.4. Let E be a vector space, with subspaces A and B. Let M = A+B
and L = A N B. Then the reversal map determined by the pair (A,B) is the
linear transformation p of M/L into itself determined by

p(x) =xifxe A/L;
p(x) = —xifx € B/L.

Proposition 6.5. Let V = (Ff)m)* and W = (F;')*; if X is one of the symbols
R, C, +, or —, let Ax be a subspace of W, and let jx be as in (6.1). Then
JRAR, jcAc , j+ Ay , and j_A_ are independent if and only if these conditions
are satisfied:

(a) ARNALNA_ =0;

(b) AcNALNA_ =0;

() if M=A_ +A_,L=A,NA_, j is the natural map of M onto M/L,

and p is the reversal map of (A4, A_), then

B(ARNM) N pB(AcNA)={0}.

Proof. First, suppose these three conditions are satisfied. Let ax € Ax be such
that jrar+jcac+jtar+j—a_ = 0. From equations (6.1) we see that this condition
is equivalent to the two equations agp = a; —a_ and a¢c = —a; —a_. With the
notation of condition (c), these equations imply that pfSar = Bac. Condition (c)
therefore implies Sar = Bac = 0, that is, ar, ac € L. But then conditions (a)
and (b) imply agp = ac = 0, and so also ay = a_ = 0. Thus the four spaces are
independent.

Conversely, suppose the spaces jx A x are independent. Then conditions (a) and
(b) follow as in Proposition 6.1. Suppose that

(6.5a) x € B(ARNM),
(6.5b) px € B(AcNM) .

Then x = far where ag = a; + a_. By the definition of p, we have px = f(—a; +
a_), and by (6.5b) we have px = Ba¢ for some ac € A . Therefore ac = —a; +
a_ + by, where by € AL NA_. With these relations and equations (6.1), we find

j+(23+ — bi) —|—j_(—2a_ —bi) +2jrar + 2jcac =0.

The assumption that the four spaces jxAx are independent now implies ag =
ac = 0, and hence x = 0. That is, condition (c) holds, q.e.d. O

Proposition 6.6. Suppose that

(6.6) 0<wu, u<ay<m, andu<a_<m-—as+u.
Then the number of pairs of subspaces A and A_ of W such that
(6.7) dimA, =ay, dimA_=a_, and dm(A; NA_)=u
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m
(68) EO(a+a a—, U) - |: ]w(m, U, a4, CL_) :
U
Proof. The first factor on the right of equation (6.8) is the number of possible

choices of L = A_ N Ay. The next factor, according to Proposition 3.8, is the
number of choices of A, and A which intersect in a given space L. (]

Proposition 6.7. Let A, and A_ be subspaces of W such that (6.7) is satisfied.
Let M=A,+A_and L=A . NA_. Suppose that the integers br , bc , ar, and
ac satisfy

(6.9a) 0<br, 0<bc, br+bc<ay+a_—2u,
(6.9b) br <ar<m+br—ay —a_ +u, and

(6.9¢) be <ac<m+bc—ar—a_+u.

Then the number of pairs (AR, Ac) of subspaces of W such that
(6.10) dimAgr =ag, dim(Ar N M) = bg,
(6.11) dimA¢ = ac, dim(AcNM) = be,

and the four spaces jx Ax are independent is
(6.12) FEi(as,a—,u; br,bo;ar, ac)=
w(ay +a— —2u, 0, bg, bo)-
p“(bR+bC)v(m —br,ar+a_ —u—>bgr,ar —br)
vim—>bc,ar +a- —u—"bo, ac —be) .

Proof. The space M has dimension a4 +a_ —u, and M/L has dimension a4 +a_ —
2u. Now A g N M has zero intersection with L, and so S(Ar N M) has dimension
br ; similarly for 8(Ac NM). This the first three inequalities of (6.9) are necessary
and sufficient for bg and be to be the dimensions of two independent subspaces
of M/L. The inequalities relating ar and bg follow from A "M C Ag and
Ar +M C W; similarly for the inequalities relating ac and bc. By Proposition
3.8, the choice of the two independent spaces 5(Agr N M) and pS(Ac N M) then
accounts for the first factor in (6.12). By Proposition 3.5, the power of p represents
the number of spaces Ag N M for a given choice of S(Ar N M), and similarly for
A . The number of possibilities for A, given its intersection with M, is shown
by Proposition 3.7 to be the next factor, and the last one corresponds similarly to
Ac. O

Proposition 6.8. Let the notations T, Ux, Vx, Ax, jx, and ax be as given
near the beginning of this section. Suppose that u, ay , and a_ satisfy (6.6). Sup-
pose furthermore that bg , bo , ar , and ac satisfy (6.7) and (6.9). Then the number
of liearly independent subsets T of UrpUUcUU L UU_ such that dim(A1NA_) = u,
dim(ArN (AL +A_)) =br, and dim(Ac N (Ay +A_)) =bc is

(6.13) E(at,a—,u;br,bc;ar, ac) =
Eo(at, a_, u)-

El(a‘-‘r? a—, Uj va bC7 aRr, aC)'
Blag, 0)Blac, 0)B(a; , 0)B(a_, 0)
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Proof. The factor Fy is the number of ways to choose A} and A_, according to
Proposition 6.6. Proposition 6.7 then gives the factor F; as the number of ways to
choose Ar and A¢ . Finally, the last four factors are the numbers of bases of the
respective vector spaces. [

Proposition 6.9. The number of bases of V which contain no element of Ugr U
UcuU,UUL is

m ar+a_—2u

(6.14) Bs(m)=§: f: Z Z (

u=0 ay=u a_=u br=0

(ay+a_—2u—br) (m+br—ay—a_+u) (m+bc—ay—a_+u)

> >

bc=0 ar=br ac=bc
(—1)ertectarte-Bla,  a_, u; br, bo; ar, ac):

B(2m,agr + ac + ay + a,))) .
The number of strongly affine magic squares over Ff,m 18
(6.15) M,y(m) = (2m)'p*™ Bs(m) .
Proof. As for Proposition 6.2. O

Table 2 gives some values of the numbers we have described.

TABLE 2. Numbers of Bases Satisfying different conditions

Ff;m square A(2m,m) B, (2m,m,m) Bgs(m)
F, | 4x4 312 81 9
FS | 8x8 13,447,168 5,821,200 2,192,904
F5 | 16 x 16 | 81,162,330,439,680 48,087,051,969,600 27,461,244,928,320
F; | 3x3 12 4 0
Fy; | 9x9 653,184 399,744 228,096
FS | 27 x 27 | 93,808,434,769,920 74,685,971,483,136 58,927,823,046,144
F. | 5x5 160 96 48
F. |25 x25 4,128,000,000 3,500,697,600 2,947,718,400

F," | square Bs(m)

F, | 3x3 0

Fy | 9x09 118,656

FS | 27 x 27 | 46,042,984,825,344

2 | 5x5 16

F. |25x25 2,462,956,800
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7. THE NUMBER OF AFFINE MAGIC SQUARES OF ODD ORDER

We turn now to the most difficult of our problems. We solve it in several steps.
First, we count the affine magic squares determined by a basis of V satisfying certain
conditions; then we apply the general Mobius inversion formula to determine the
number of such bases. As in the latter part of §5, the simplicial complex is 3(S)
where S = UrUUcUU,L UU_. This leaves us with another problem of counting
linearly independent sets of vectors; as before, we solve this problem by relating
the vectors to certain vector subspaces.

From Proposition 2.10, we know that an affine magic square is weakly uniform;
that is, the linear parts of its digit coordinates do not belong to UgrUU. However,
some of them may belong to U, UU_, as we see from Proposition 2.12.

Proposition 7.1. Let ® be a basis of (Fgm)*, containing no elements of Up UU¢

and b elements of Uy UU_ . Then there are (2m)!p*™~" affine magic squares S
such that ® = {AL ..., AL} where the A; are the digit coordinates of S.

Proof. The digit coordinates of S may be taken in any order to give a different magic
square; this fact accounts for the factor (2m)!. In the notation of Proposition 2.12,
J+UJ_ contains b elements; for each of these, A; is determined uniquely by AJL and
the requirement that A;(xo) = (p — 1)/2. For the other 2m — b digit coordinates,
Aj(xo) is unrestricted; this fact accounts for the factor p?™ 0. ]

Proposition 7.2. If J. and J_ are linearly independent subsets of Uy and U_
respectively, let P(Jy , J_ , w) be the number of linearly independent sets of vectors
T such that |T| = w and

JyuJ_CTCS.
Then the number of affine magic squares of odd order p™ is
(7.1)
M(m) = Z (2m)tp?m =1+ 1=1- Z(—l)“’_l‘hrl_“]*‘P(J+7 J_, w)B(2m,w) .
J+ ,J_ w

Proof. For each o € X(95) let g(o) be the number of bases B of V such that
BNS 2 «, and let f(8) be the number of bases B of V such that BN.S = 8. Then

gl)=">_ f(B),

BeEX(S)
Bo

so by the Mobius inversion formula [9]
fB) = > u(Ba)gla).

aeX(S)
adp

But u(B,a) = (=1)Uel=18D "and g(a) = B(2m,|a|); and the number of terms in
the preceding sum, for 8 = J, U J_, is P(J;, J_, |a]). We therefore have

FUIL 0T =) (-0 V(T T w)B2m, w) ;

w

and the desired expression for M (m) now follows from Proposition 7.1. g
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We now face the problem of evaluating P(Jy, J—, w). This is like the problem
which we solved in Proposition 6.8. We recall some more of the notation used in
86; in particular, if X is any one of the symbols R, C, +, or —, we recall Vx ,
jx, and Ax. We also define subspaces By and B_ of W so that j; B, is the
subspace spanned by Jy, and similarly for B_. The problem of counting sets
T will be reduced to that of counting quadruples (Agr, Ac, Ay, A_) such that
JRAR, jcAc, j+ A+, and j_A_ are linearly independent and also

(72) A+ 2 B+ )
(7.3) A_DB_.

We begin by counting the choices of (A4, A_), subject to the constraint of
equations (7.2). We have to keep several subspaces of W in mind. To organize the
details, we must consider the lattice of subspaces of W.

The classic reference on lattices is [3]. The vector subspaces of a vector space are
a lattice, in which the elements are partially ordered by containment, the “meet”
operation is intersection, and the “join” operation is the sum. It is a “modular”
lattice; that is, if X C Z then

X+(YNZ)=(X+Y)NZ.

We deal with the sublattice generated by (Agr, Ac, A, A_); the generators
satisfy (7.2). Without making any other assumptions about these four subspaces,
we are looking at an example of the solved problem of a “Free modular lattice
generated by two chains” ([3], §7). Even without the general theory, it is not hard
to verify that in general the lattice generated by our four subspaces is as in Figure
1.

In this figure, each line segment connects a vector space with a subspace; we
may associate the difference in their dimensions with the segment. For every par-
allelogram in the figure, the well-known formula

dim(E+F) + dim(ENF) = dim(E) + dim(F)

relates the dimensions of the spaces named at the four vertices, and implies that the
numbers associated with opposite sides of the parallelogram are equal. Thus the
dimensions of the vector spaces are determined by the following nine non-negative
integers:

(7.4a) bp =dim(By NB_);

(7.4b) pr =dim(A_NB;)—dim(B_NB,);
(7.4c) p— =dim(A; NB_) —dim(By NB_);
(7.4d) oy =dim(B;) —dim(A_NB,) ;
(7.4e) o_ =dim(B_) —dim(A; NBy) ;

(7.4f) ¢ =dimL — dim(L N B) ;

(7.4g) 7+ =dim(A;) — dim(L + By) ;

(7.4h) 7— =dim(A_) —dim(L+B_) ;

(7.41) P =m —dim(M) ;

which satisfy
(7.5) m=by+ps+p-torto_+o+TLHT_ 4.
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w

FIGURE 1. The lattices of subspaces generated by (Ar, Ac, AL, A_)

Specifically, we have
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(7.6a) ey =dim(A_NBy) =by+p+;

(7.6b) e- =dim(Ay NB_) =bg+p_;

(7.6¢) by =dim(B,) =by+pr +04;

(7.6d) b_ =dim(B_) =by+p_+o_;

(7.6¢) u=dim(A;L NA_) =by+ptr+p-+0;

(7.61) at = dim(A4) =bo+py+p-tor+o+74;
(7.6g) a_ = dim(Ay) =by+pt+p-to_+op+7_.

We shall let x stand for an element (by; py, p_; 04, 0_; 71, 7_; ¢,) € N° and
let T(m) be the set of all such x subject to the constraint (7.5).

Proposition 7.3. Let x € T(m). Let By and B_ be subspaces of W satisfying
(7.4a), (7.6¢), and (7.6d). Then the number of pairs (AL, A_) of subspaces of W
satisfying the relations (7.2) and (7.6) is

o4 + o—+p-
mea= |77 [
U(m—p+—p,—b07a++a,,¢)-
U(O-— +T+ +7- +¢a o—, T"r)'
v(op +7 + T+ Y, T oy, T

Proof. We repeatedly apply Proposition 3.7. First, A_ N B, is an e;-dimensional
subspace X of B, satisfying X N (B; NB_) = (B4 N B_); the number of these
is v(by — by, 0, ex —bg) = [Zi:gg]. Similarly, the second factor is the number of
choices for A NB_. The spaces A_NB, and AL NB_ together determine LNB.
The next factor is the number of choices of L, given its intersection with B. The
choice of L determines L + By, L + B, and L + B_. The fourth factor is the
number of choices of A, given that its intersection with L + B is L + B, . The
choice of A determines A +B_ . Finally, the last factor is the number of choices
of A_ given that its interseection with A, +B_isL+B_. (]

Let us now consider the subspaces Ar and A¢c. They are related to A, and
A_ by (6.9) and (6.11); we see that the constraints on the dimensions of the spaces
involved are equivalent to

(7.7a) 0<br,

(7.7h) 0 < be,

(7.7¢) brt+bc<or+o_+14+7_,
(7.7d) br <ar <bgr -+,

(7.7¢e) be <ac <bc+1.

Let U(x) denote the set of all y = (bg, bo, ar, ac) € N* subject to (7.7).

Proposition 7.4. Let x € T(m) and y € U(x). Let Jy and J_ be indepenent
subsets of Uy and U_ respectively; let By and By be subspaces of W such that
j+ B is the subspace spanned by Jy , and similarly for J_ and B_ ; let (7.4a),
(7.6¢), and (7.6d) be satisfied. Then the number of linearly independent subsets T
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of UprUUcUULUU_ such that (a) TNUL =Jy, (b)) TNU_=J_4 and (c)
the dimensions of subspaces are as giwven in (7.6) and (7.7) is

(7.8) F(x,y)=Fy(x)Ei(ay, a_, u; br, bc; ar, ac)-
B(G’Jra b+)B(a* ) b*)B(aRv O)B(G‘C7 0) :

Proof. The number of pairs (A, A_) satisfying the conditions of the proposition
is the first factor on the right of (7.8), by Proposition 7.3. Given (A, A_), the
number of pairs (Agr, A¢) is the second factor, as given by Proposition 6.7. The
last four factors are applications of Proposition 3.3b. O

Proposition 7.5. The number of affine magic squares of odd order p™ is
(7.9) M(m) =

Z Z (—1)P+FP-+TatTotantac (g p2m—2bo—ps —p- ot =0
x€T(m) YeU(x)
F(x,y)B(2m,a; +a_ +agr +ac)B(by, 0)B(b_, 0)-

m||[m — by
|:b0:| |:b+bo:|’l)(’l77/—bo7 b+_b0, b_ —bo).

Here the notation of (7.6) is used.

Proof. This follows from Proposition 7.2. The summation over J; and J_ in (7.1)
can be arranged as a summation over the choices of vector spaces B, and B_
followed by a summation, for fixed B4 and B_, over the different bases of these
spaces. The number of such bases accounts for the factors B(b; , 0) and B(b_, 0)
in (7.5). The summation over choices of B and B_ may be organized as a
summation over the dimensions of these spaces and of their intersection, followed
by a summation over the set of possible spaces, for fixed values of these dimensions.
The number of choices of the intersection, then of B, and then of B_ give the last
three factors in (7.9).

From Proposition 7.4 it is clear that the quantity P(J;, J_) defined in Propo-
sition 7.2 is a summation of F(x,y) over a suitable set of pairs x,y). Specifically,
if J4 spans j4 B, , and J_ spans j_B_, then the set is

{(x,y) € T(m) x N*|y € U(x) and
bp = dim(By NB_) and
bo+ p+ +oyr=|Jy| and by + p— + o_ = |J_]| and
2bp +2p+ +2p- +oy+0-+20+7 +7- +agp+ac =w}.
Therefore the sum over the dimensions by , b4 , and b_ together with w, in equation

(7.1), reduces to the summation given in (7.9). O

Table 3 gives some values of M (m). Note that we have counted as distinct two
squares which differ only by a geometrical transformation such as a rotation. For
this reason we also give the value of M /8.
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